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a b s t r a c t
Let H be a hexagonal chain. Gutman [I. Gutman, Topological properties of benzenoid
systems, Theor. Chim. Acta, 45 (1977), 307–315.] proved that there exists a caterpillar tree
T (H) such that the number of Kekulé structures of H is equal to the Hosoya index of T (H).
In this note, we show that, for a polyomino chainQ , there exists a corresponding caterpillar
tree C(Q ) such that the number of Kekulé structures of Q is equal to the Hosoya index of
C(Q ).
© 2012 Published by Elsevier B.V.
1. Introduction
Let G be a molecular graph with vertex set V and e = (u, v) be an edge in G. Denote by G− u− v the induced subgraph
obtained from G by deleting vertices u and v together with their incident edges and by G − e the edge-induced subgraph
obtained from G by deleting edge e. A setM of edges in G is a matching if every vertex of G is incident with at most one edge
in M , it is a perfect matching (or Kekulé structure) if every vertex of G is incident with exactly one edge in M . Denote by
m(G, k) the number k-element matchings in G. Set m(G, 0) = 1 by convention. Thus m(G, 1) is the number of edges of G.
If n is even, then m(G, n2 ) is the number of Kekulé structures (or perfect matchings) of G and will be denoted by φ(G). The
number of matchings of G is called the Hosoya index [3] and will be denoted by Z(G). That is,
Z(G) = m(G, 0)+m(G, 1)+ · · · +m

G,
n
2

. (1)
If a molecular graph G consists of disconnected components G1,G2, . . . ,Gt , then
Z(G) = Z(G1)Z(G2) · · · Z(Gt). (2)
Let us recall some basic concepts. A hexagonal system is a finite 2-connected plane graph such that each interior face
is surrounded by a regular hexagon of length one. A hexagonal chain or unbranched catacondensed benzenoid system is a
benzenoid system in which no hexagon has more than two neighbors.
Similarly, a polyomino system is a finite 2-connected plane graph such that each interior face is surrounded by a regular
square of length one. A polyomino chain is a polyomino system inwhich no square hasmore than twoneighbors. An example
of a polyomino chain with ten squares is given in Fig. 1(a).
In 1977 Gutman [2] discovered a curious relation between the sextet polynomial of a hexagonal chain and the matching
polynomial of a caterpillar tree. This result implied that, for a hexagonal chainH , there exists a corresponding caterpillar tree
T such that the number of Kekulé structures ofH is equal to theHosoya index of T . Some related results see for example [4–6].
∗ Corresponding author.
E-mail addresses: lishuli198710@163.com (S. Li), weigenyan@263.net (W. Yan).
0012-365X/$ – see front matter© 2012 Published by Elsevier B.V.
doi:10.1016/j.disc.2012.03.041
2398 S. Li, W. Yan / Discrete Mathematics 312 (2012) 2397–2400
a b
Fig. 1. (a) A polyomino chain Q with 10 squares; (b) The annelated manner of Q by S and H .
Fig. 2. Annelation modes of squares that occur in polyomino chains.
Similarly, in this paper, we show that, for a polyomino chain Q , there exists a corresponding caterpillar tree C(Q ) such
that the number of Kekulé structures of Q is equal to the Hosoya index of C(Q ) (see Theorem 1.1).
The squares of a polyomino chain with n squares may be annelated in only three ways: Each chain possesses exactly two
terminal squares (S1) whereas all other squares are annelated either linearly(S2) or angularly (H) (see Fig. 2 for illustration).
For the polyomino chain illustrated in Fig. 1(a), the annelated manner is shown in Fig. 1(b).
To each polyomino system a string of h symbols S and H can be associated, indicating the mode of annelation of the
consecutive squares, starting from a terminal square. In fact a square in a polyomino chain is said to be of mode H if it
has exactly one vertex of degree two, otherwise it is said to be of mode S. By the way the modes S1 and S2 need not to be
distinguished. This string is referred to as the SH-sequence. For instance, the SH-sequence of the polyomino chain depicted
in Fig. 1(a) is SSHHHSHSSS. Abbreviating SS by S2, SSS by S3, etc. The latter SH-sequence is written as S2HS0HS0HSHS3.
With regard to this SH-sequence we can find a sequence (2, 0, 0, 1, 3) corresponding to it. Note that a polyomino chain
is not uniquely determined by its SH-sequence. But, by symmetry, different polyomino chains corresponding to the same
SH-sequence have the same number of perfect matchings.
The general form of the SH-sequence of a polyomino chain in which there are n− 1 angularly annelated squares is
Sk1HSk2HSk3H · · · Skn−1HSkn ,
where ki is the number of S-mode squares lying between the (i− 1)th and ith angularly annelated square, i = 2, . . . , n− 1,
whereas k1 and kn are, respectively, the number of the S-mode squares before the first and after the last H-mode squares.
Therefore,
k1, kn ≥ 1, k2, . . . , kn−1 ≥ 0
and
k1 + k2 + · · · + kn + (n− 1) = h.
We can easily know that the sequence (k1, k2, . . . , kn) corresponds to the SH-sequence Sk1HSk2HSk3H · · · Skn .
Now we construct a caterpillar tree which corresponds to the sequence (k1, k2, . . . , kn) as follows:
(i) Construct n vertex-disjoint paths W1,W2, . . . , and Wn, such that Wi = vi,1vi,2, vi,(ki+2) for i = 1, 2, . . . , n − 1, and
Wn = vn,1vn,2 · · · vn,(kn+1).
(ii) Identify the n−1 pairs of vertices vi,(ki+1) and v(i+1),1 for i = 1, 2, . . . , n−1, and have no other vertices identical except
the above-mentioned. This caterpillar tree will be denoted by Cn(k1, k2, . . . , kn). It has
k1 + k2 + · · · + kn + n
vertices and
k1 + k2 + · · · + kn + (n− 1)
edges. For the sequence (2, 0, 0, 1, 3), five pathsWi’s and the caterpillar tree C5(2, 0, 0, 1, 3) are shown in Fig. 3(a) and (b),
respectively.
In this paper, we mainly prove the following result.
Theorem 1.1. Let Q be a polyomino chain whose SH-sequence is Sk1HSk2HSk3H · · · Skn−1HSkn and Cn(k1, k2, . . . , kn) be
the caterpillar tree defined as above. Then the number of Kekulé structures φ(Q ) of Q is equal to the Hosoya index of
Cn(k1, k2, . . . , kn).
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Fig. 3. (a) Five pathsW1,W2,W3,W4 andW5 . (b) The caterpillar tree C5(2, 0, 0, 1, 3).
Fig. 4. The polyomino chain Q .
2. Proof
In order to prove the main result, we need introduce some lemmas as follows.
Lemma 2.1 ([1]). Let e = uv be an edge of a graph G. Then
Z(G) = Z(G− uv)+ Z(G− u− v), φ(G) = φ(G− uv)+ φ(G− u− v). (3)
Lemma 2.2. Let Q be a polyomino chain with h squares whose SH-sequence is Sk1HSk2H Sk3H · · · Skn−1HSkn . Then
(i) If kn ≥ 2, then
φ(Q ) = φ(Q1)+ φ(Q2), (4)
where Q1 is the polyomino chain with h− 1 squares whose SH-sequences are Sk1HSk2HSk3 H · · · Skn−1HSkn−1, and Q2 is the
polyomino chain with h − 2 squares whose SH-sequences is Sk1HSk2HSk3H · · · Skn−1HSkn−2 if kn ≥ 3 and the polyomino
chain with h− 2 squares whose SH-sequences is Sk1HSk2HSk3H · · ·HSkn−1+1 if kn = 2.
(ii) If kn = 1, kn−1 = kn−2 = · · · = kn−t+1 = 0, kn−t ≥ 1 (t ≥ 0), then,
φ(Q ) = φ(Q3)+ φ(Q4), (5)
where Q3 is the polyomino chain with h − 1 squares whose SH-sequences are Sk1HSk2HSk3H · · ·HSkn−1+1, and Q4 is the
polyomino chains with h− t + 2 squares whose SH-sequences is Sk1HSk2HSk3H · · ·HSkn−t−1 if kn−t ≥ 2 and the polyomino
chains with h− t + 2 squares whose SH-sequences is Sk1HSk2HSk3H · · ·HSkn−t−1+1 if kn−t = 1.
Proof. If kn ≥ 2, thenQ has the formas shown in Fig. 4. By Lemma2.1,φ(Q ) = φ(Q−u−v)+φ(Q−e). Obviously,Q−u−v is
the polyomino chain with h−1 squares whose SH-sequences are Sk1HSk2HSk3H · · · Skn−1HSkn−1, and G−u−v− x− y is the
polyomino chain with h − 2 squares whose SH-sequences is Sk1HSk2HSk3H · · · Skn−1HSkn−2 if kn ≥ 3 and the polyomino
chain with h − 2 squares whose SH-sequences is Sk1HSk2HSk3H · · ·HSkn−1+1 if kn = 2. Hence Q − u − v = Q1 and
Q − u− v − x− y = Q2. Note that φ(Q − u− v − x− y) = φ(Q − e). So we have proved that (i) holds.
Similarly, we can prove that (ii) holds. Thus the lemma follows. 
Nowwe consider the caterpillar tree Cn(k1, k2, . . . , kn)which corresponds to the sequence (k1, k2, . . . , kn). Similarly, by
Lemma 2.1, we can prove the following lemma.
Lemma 2.3. Suppose that Cn(k1, k2, . . . , kn) is the caterpillar tree which corresponds to the sequence (k1, k2, . . . , kn) and has
h = k1 + k2 + · · · + kn + n vertices. Then
(i) If kn ≥ 2, then
Z(Cn(k1, k2, . . . , kn)) = Z(G1)+ Z(G2), (6)
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where G1 is the caterpillar tree Cn(k1, k2, . . . , kn− 1), and G2 is the caterpillar tree Cn(k1, k2, . . . , kn− 2) if kn ≥ 3 and the
caterpillar tree Cn−1(k1, k2, . . . , kn−1 + 1) if kn = 2.
(ii) If kn = 1, kn−1 = kn−2 = · · · = kn−t+1 = 0, kn−t ≥ 1 (t ≥ 0), then,
Z(Cn(k1, k2, . . . , kn)) = Z(G3)+ Z(G4), (7)
where G3 is the caterpillar tree Cn(k1, k2, . . . , kn−1+1), and G4 is the caterpillar tree Cn−t(k1, k2, . . . , kn−t −1) if kn−t ≥ 2
and the caterpillar tree Cn−t−1(k1, k2, . . . , kn−t−1 + 1) if kn−t = 1.
Now we are in the position to prove the main result.
Proof of Theorem 1.1. Note that Q is a polyomino chain with h (h = k1 + k2 + · · · + kn + n − 1) squares. We prove the
theorem by induction on h. If h = 2, then φ(Q ) = 3. The corresponding caterpillar tree C1(2) is the path with three vertices,
which has three matchings. That is, if h = 2, then φ(Q ) = Z(C1(2)). If h = 3, then the SH-sequence of Q is (3) or (1, 1).
If the SH-sequence of Q is (3), then φ(Q ) = 5 and the corresponding caterpillar tree C1(3) is the path with 4 vertices and
hence has five matchings. If the SH-sequence of Q is (1, 1), then φ(Q ) = 4 and the corresponding caterpillar tree C2(1, 1)
is the star with 4 vertices and hence has four matchings. Hence, if h = 3, the theorem holds. So we assume that h ≥ 4. By
Lemmas 2.2 and 2.3, if kn ≥ 2,
φ(Q ) = φ(Q1)+ φ(Q2), Z(Cn(k1, k2, . . . , kn)) = Z(G1)+ Z(G2),
and if kn = 1,
φ(Q ) = φ(Q3)+ φ(Q4), Z(Cn(k1, k2, . . . , kn)) = Z(G3)+ Z(G4),
where Qi’s and Gi’s are defined in Lemmas 2.2 and 2.3. By induction, it is not difficult to see that we have
φ(Q1) = Z(G1), φ(Q2) = Z(G2),
and
φ(Q3) = Z(G3), φ(Q4) = Z(G4).
Hence
φ(Q ) = Z(Cn(k1, k2, . . . , kn)).
The theorem thus follows. 
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